Abstract. We developed a strategic of optimal portfolio based on information theory and Tsallis statistics. The growth rate of a stock market is defined by using q-deformed functions and we find that the wealth after n days with the optimal portfolio is given by a q-exponential function. In this context, the asymptotic optimality is investigated on causal portfolios, showing advantages of the optimal portfolio over an arbitrary choice of causal portfolios. Finally, we apply the formulation for the financial index of the Brazilian stock market [B] 3 .
Introduction
The modern portfolio theory was introduced by Harry Markovitz in 1952 [1] . The basic principle is the mean-variance approach [2] so that the expected return is maximized for a given level of risk, i.e., a constraint on the variance. This reflects the idea of diversification in investment and risk aversion. Posteriorly, Cover explored these concepts in the context of information theory [3] [4] [5] [6] . Particularly, Kelly introduced the concept of log-optimal portfolio [7] and an asymptotic equipartition property for the stock market as well as the asymptotic optimality of log-optimal investment was derived by Algoet and Cover [8] . Still in this context of quantitative finance, the universal portfolio was defined by Cover in reference [9] .
A recent approach to the field of quantitative finance and economics, called econophysics [10] , lies using tools derived from statistical physics [11] . Relations between physics and economics are long standing. The gravity model of international trade, for example, mimics the law of gravitation and it was proposed in 1954, by Walter Isard [12] . In the econophysics framework associated to information theory, some works [13, 14] were developed exploring the complexity-entropy causality plane. In the reference [13] , applications to distinguish the stage of the development of the stock market are conducted and in [14] the efficiency of sovereign bond markets is investigated through complexity-entropy causality plane revealing correlations and hidden structures in the daily values of bond indices.
Another techniques emerge from non-extensive statistical mechanics [15, 16] proposed by Tsallis in 1988 [17] , as a generalization of Boltzmann-Gibbs statistics. The Tsallis entropy carries a non-extensive parameter q such that in the limit q → 1 the Boltzmann-Gibbs entropy is recovered. The maximization of the Tsallis entropy under appropriate constraints leads to the distribution of Tsallis q-Gaussian [15, 16, 18] . It has been widely used in the study of complex systems [15, 16] , including the stock market.
The q-Gaussians allow a consistent way of describing high-frequency financial observations due to finite variance and temporal autocorrelations [19] . Option pricing formulas based on Tsallis statistics were derived by Borland [20] . As highlighted in [19] , one advantage is the existence of explicit closed-form solutions. The generalized BlackSholes (B-S) equation was obtained with entropic index q. This model fits, for q = 1.5, stock returns more realistically than B-S standard (q = 1).
In this paper, we merge Cover's approach from information theory to portfolio theory with mathematical tools of Tsallis statistics. In section 2 we present the general formulation using the q-deformed functions and the q-product as key elements. In addition an asymptotic study is carried out to substantiate the work. In section 3 we will apply the above-mentioned formalism in the analysis of the Brazilian stock market. Finally, we present the final considerations and perspectives.
Formulation
The stock market is given by a vector X = (X 1 , X 2 , ..., X n ), where X i is the relative price, i.e. the ratio of the price at the end of the day to the price at the beginning of the day. We have that X i ≥ 0, i = 1, ..., m where m is the number of stocks. In this work we consider that joint probability density function of the vector of price relatives is given by a multivariate q-Gaussian:
where σ i and µ i are parameters to be determined and
The normalizing constant is given by
where w d is the surface area of the unit sphere in
, and
. Umarov and Tsallis [21] obtain a formula for compute the normalizing constant
2 ...
with
C q is the normalizing constant of the one-dimensional q-Gaussian:
The growth q-rate of a stock market portfolio b is given by:
where ln q (x) =
The growth optimal portfolio b * is one that achieves the maximum of W q (b, f ). Let X 1 , X 2 , ..., X n be random vectors i.i.d with density probability function f . The q-wealth after n days using the portfolio b * is given by
where the q-product ⊗ q is defined by [22] x ⊗ q y := [
Using the strong law of large numbers [23] , we have
so that S * (q) n = exp q (nW * q ). This justifies our definition of q-wealth analogously to reference [3] . Now, we will consider the following assumption:
in order to show the asymptotic optimality of the ln q -optimal portfolio for the causal portfolios. The causal portfolio strategy is a sequence of mappings
as the set of allowed portfolios. Using the Markov inequality [23] , we have from (11):
Therefore
Consequently
where we consider λ n = n 2 . Then
using the Borel-Cantelli lemma [23] . Thus, there exists an N such that for all n > N :
for almost every sequence from the stock market. This implies (for q > 0.5) with probability 1:
We have that for almost every sequence from stock market, S * (q) n is greater than the wealth of any investor, i. e., the ln q -optimal portfolio is better than any other portfolio under the assumptions aforementioned. We can also show that
Consequently,
i.e., the ln q -optimal portfolio maximizes the expected ln q of the final wealth.
Computational results

In this section, we apply our formulation in the Brazilian stock market [B]
3 -Brazil, Stock Exchange and Over-the-Counter Market located at São Paulo -Brazil, using R language and environment [24] . R is a free and open-source implementation of the S language, developed at Bell Laboratories, under the Free Software Foundation's GNU General Public License. In addition, R has a very active development team and community of authors responsible for thousands packages applied in several areas of science, besides an open access journal covering topics of interest to users and developers of R.
We use the package GetHFData [25] that download and aggregate high frequency data from Brazilian stock market using File Transfer Protocol (FTP) and the package DEoptim [26] that implements the Differential Evolution Algorithm [27] . This is a useful method for solution of global optimization problems. Also, we use the packages Pracma, Cubature and R2Cuba [28] [29] [30] . The parameters q, µ i and σ i are estimate apply maximum likelihood method, for every set of stocks, and after that the growth rate are maximized to obtain usual portfolio (the usual logarithm and Gaussians, i.e., no deformed expressions) and q-portfolio.
A better view can be seen ploting the growth q-rate function and the usual growth rate functions, as present in figure 1 in different scales. In this figure, we use the fact that b 1 + b 2 = 1 for evaluate the function changing b 1 , without loss of generality. We can visualize the difference between the usual portfolio and the q-portfolio theory. The q-logarithmic and q-gaussian grant a greater range of values, besides the concavity of the growth q-rate allows a better representation of the maximum.
After maximization, we apply the acquire portfolio for the next month 05/01/2018 to 05/31/2018, that represent 21 days of movement in [B] 3 , and calculate the wealth relative for two stocks. We present the results in table 1 for two stocks, which shows that wealth relative for q-portfolio theory presents better results in almost all situations, except for BBAS3 and PETR4 case. At end of the period of 21 days of movement, we can see that wealth relative for q-Portfolio brings better results that the usual portfolio in five of the six cases analyzed. Watching more closely the case BBAS3 and PETR4 we compute Hurst Exponent as a measure of long-term memory, using the fractaldim package [31] for the two stocks in all period of the data, that is between 01/01/2018 to 05/31/2018 that represent 101 days of movement. We observe that Hurst exponent in the last 7 days get closer of zero, as ploting in figure 2 (a) , showing a time series with long-term switching between high and low values. Comparing this with the values of Wealth relative for every day between 05/01/2018 at 05/31/2018 we realize that the q-portfolio present a better result, as shows in figure 2 (b) , with exception of the days that the Hurst exponent get closer of zero, indicating a change of behavior that can explain the results.
We can apply the same analysis for three and four stocks, completing an analysis of all possible combination of the four stocks portfolio formed by PETR4, VALE3, BBAS3 and BBDC4. The results are show in table 2 and in all cases the wealth relative for qportfolio brings better results that the usual portfolio, indicating that our method deals better with Brazilian stock market [B] 3 data compared to the usual portfolio theory, being able to predict a higher wealth relative value.
The parameter q in all cases is between 1.39 to 1.65 closer to value obtained in [19, 20] , indicating that behavior followed by the stock market is well represented by this range of parameters in Tsallis statistics.
In the same way we can apply our formalism to the case with several stocks and analyze the portfolio of many sizes, using the Hurst exponent as an indicator of changing of behavior.
Conclusions
The Tsallis statistic allows us to generalize usual concepts through a non-extensive parameter q. At the limit q → 1, the usual expressions are recovered. Examples of interest include deformations of functions and algebraic operations. We explore these tools in Cover's approach from information theory to portfolio theory. In this way we define the growth q-rate W q of a stock market portfolio, the optimal growth q-rate W * q , q-wealth after n days using the portfolio b * and we show that the wealth after n days with the optimal portfolio is given by the q-exponential function. In the context of causal portfolio we studied the asymptotic optimality and we derive that for, almost every sequence from stock market the optimal q-wealth after n days is greater than the q-wealth of any investor. It is important to note that the parameter q establishes a correlation between stock prices on each day. In fact, by equation (1), we can note that the proposed q-Gaussian is not a product of q-Gaussians, but it is a q-product. Based on this approach a Brazilian stock market analysis was performed. We show that q-wealth is better suited to empirical data than standard wealth and the optimal value for the non-extensive parameter q between 1.39 to 1.65 . In this analysis we use the Hurst exponent as an indicator of the change in behavior of wealth relative. As perspectives we intend to investigate i.i.d. markets to time-dependent market processes in this scenario.
